The selection of a portfolio encounters several extremely complex situations. From among them, it has to be highlighted, due to its difficulty and transcendence, the Financial Assets selection when interrelations (positive and/or negative) occur among the expected profitabilities of each one of them.
In this essay we introduce a new tool to improve the selection of a portfolio. First of all, we present the traditional approach to portfolio management. Second, we explain a new approach to the problem that considers the use of fuzzy logic. After that, we introduce the application of Genetic Algorithms to optimize the expected return from the portfolio with fuzzy information. At the end of the paper we include an example of the problems that could be solved with. Finally, in the last section of the paper we suggest some conclusions and future developments.
TRADITIONAL APPROACH TO PORTFOLIO MANAGEMENT
The concept of Portfolio Analysis spreads from the financial area. A financial investment does not usually have a constant profitability, except for a few exceptions, but changes according to certain variables. This variability determines the investment risk, so the bigger risk investment have the higher profitability opportunities, in most of cases.
Traditionally, the measures used to valuate a portfolio profitability and risk are the arithmetic mean and the standard deviation of the different financial assets. The former shows the average annual profitability, being for the portfolio the weighted average of each asset profitability times the asset investment risk. The latter indicates how the financial investment has varied regarding the average of the past data analysis. Thus, when a portfolio has to be managed, the decision maker will have to choose those investments maximizing their profitability with the minimum possible risk.
In this respect, empirical studies [MARKOWITZ, 1952; LEVY, 1970] have demonstrated that, when several investments are brought together into the same portfolio, the assumed risk does not correspond, except for a few given cases, with the weighted average of each one of the investments risk. The idea of correlation between the different financial assets profitabilities emerges here and, therefore, it raises the portfolio risk reduction through diversification.
According to this approach, the mathematical formulas to determine a portfolio expected profitability and risk are: The risk that can be eliminated through diversification is called specific risk. Its reason d'être is based in the fact that many of the threats surrounding a given firm stem out from the own firm and, perhaps, from its immediate competitors.
There is also a risk, called market risk, that cannot be avoided, no matter how much it is diversified. This market risk arises from the fact that there are other perils in the Economy as a whole threatening all the business. This is the reason why investors are exposed to the uncertainties of the market, no matter how many shares they hold.
Once exposed the reasons to have a diversified investment portfolio in which maximum synergies among assets are obtained, the arising question is how to achieve that portfolio. The first contribution in this field was made by Markowitz (1952) , who proposed a investment portfolio evaluation method based on risk and profitability analysis. According to him, every investor facing two portfolios with the same risk will choose the one with the bigger profitability, and facing two portfolios with the same profitability will choose the one minimising the risk. It is intended to obtain the optimum decision in the selection of the financial assets.
The different methods consist basically, of three stages. The first one deals with determining all the available financial assets and, subsequently, generating every possible portfolio from these elements. In the second stage the efficient portfolios, that is, those not dominated by others, are selected using some rules, such as the Mean-Variance [MARKOWITZ, 1952] , or the Stochastic Dominance [MAHAJAN and WIND, 1984] . Then, in the third one, the optimum portfolio is chosen among them. This final decision is proposed in this method as purely intuitive, and therefore it will depend on the greater or smaller risk aversion of the investor.
A NEW APPROACH TO PORTFOLIO MANAGEMENT
This paper endeavours to find a representation of the available information in the financial market , as reliable as possible, since using both mean and standard deviation as indicators for investment profitability and risk, may bring out inefficient decisions. With this, it's not intended to suggest their non-validity but, in addition to the information supplied by those indicators, the investor can complete his knowledge of the financial market with other sources. In particular, it all deals with including estimates from market behaviour experts, economic variables forecasts that can determine the financial assets behaviour through the sensibility they show towards them, government policies, business strategies, etc., or even it may be considered subjective aspects such as the broker's accuracy when focusing a certain portfolio on determined financial assets. With this it is aimed to include both objective and subjective criteria, provided by the financial market itself.
On the other hand, as an additional element to this set of issues, it has to be highlighted a relation or interconnection among the available financial assets. This fact is due to synergies existing among them, that cause changes in profitability because of certain situations, such as modifications in share prices of the enterprises depending on the same economic variables, joint ventures, shares of enterprises whose profitability is interfered with a certain currency price, fixed interest stocks depending on the interest rate set by each country's Central Bank, etc.
In order to fit all the available information together it is proposed to use the Fuzzy Sets Theory [ZADEH, 1965; KAUFMANN and GIL-ALUJA, 1986 ], since as a mathematics branch dealing with objective and subjective matters, it attempts to take a phenomenon as presented in reality, and handle it to make it certain or accurate.
The reason to use logic and fuzzy technology is based in author's perception that, since portfolio selectors realise that their environment and, therefore, the information they handle, is uncertain and diffuse, it seems obvious they prefer realistic representations rather than just models assumed to be exact.
In this paper, we have decided to represent uncertain values of the different variables taken into account by the decision help system supported by Trapezoidal Fuzzy Numbers (TFN). The membership functions that define then, µ(x), are linear, as shown in Figure 1 .
Figure 1
A TFN has four points that represent or define it; in Figure 1 they are: a 1 , a 2 , a 3 , a 4 . So, a TFN can be represented in a quaternary way: Ã = ( a 1 , a 2 , a 3 , a 4 ) with a 1 , a 2 , a 3 , a 4 ∈ ℜ and a 1 ≤ a 2 ≤ a 3 ≤ a 4
These four numbers involve that:
and that function µ(x) for the remaining values is the line that joins point ( a 1 , 0) with point ( a 2 ,1), and the line joining point ( a 3 , 1) with ( a 4 , 0).
Consequently, a TFN membership function, can be noted as follow:
The very conceptualisation of TFN allows a good suitability to different real situations, particularly to economic and entrepreneurial estimates. Thus, for instance, the expected return for a financial asset in a given period of time can be established as:R = (4%; 5,5%; 6%; 8%) which means that, the profitability of this asset will be at least four percent, that it is likely to be between five point five and six percent and that it will not be higher than eight percent. This way, not only the expected profitability can be represented, but also the risk run when investing in a financial asset, for in that TFN it is represented the whole set of possibilities where its profitability is bound to be found.
Apart from a TFNs great adaptability to the human mind structure, it is also important to consider how easy to use it is, due to the simplicity of its membership function, which is defined by linear functions.
Once the representation has been decided, a study of the qualities of the financial market must be done. That analysis aims to gather the existence of variables affecting the profitability of the portfolio as a whole.
Therefore, each available financial asset will bear investment's materialization financial expenses, which can be distinguished between those with a flat amount and those whose value varies according to the invested quantity as it happens, for instance, in commissions. It has to be taken into account that the higher investing capital, the lower influence of those expenses on the decision. Their representation can be carried out through matrixes containing the different values they take.
For n Through a specialist's opinion or through the knowledge the current asset manager has about the capital market, estimates can be accomplished about the expected profitability for each asset. These values will be represented by TFNs, that allow to fulfil properly the economic variables estimates. The fuzzy profitability matrix for each of the n financial assets would be:
R n}
In addition, different profitabilities can be considered regarding the invested amount and, consequently, there will be as many such like matrixes as different investment levels shown by the assets.
Deepening into the analysis, it is possible to consider the modifications taking place in the portfolio's expected profitability when financial assets related to it are incorporated. This is aimed at contemplating interconnections among enterprises shares, shares with currencies, etc., found out at analysing thoroughly the financial RVm1, RVm2, RVm3..... -}, which indicates how the expected profitability of asset i varies when we invest also in asset j.
At the same time, it might work out to consider those situations in which financial assets have some kind of relationship and then, savings can result in the initial expenses incurred to start the investment. This is why it has to be taken into account the fixed expenses and initial commissions when, in the portfolio, assets from the same enterprise, group, financial entity , etc., have been included. This information can be represented through two matrixes, one indicating the fixed assets variation: With this information it is possible to establish the optimum portfolio selection problem, where it is intended to find out the financial assets combination maximizing the total expected profitability of the portfolio as a whole.
Traditional methods do not analyse such a complex problem, but set it up in a linear way, escaping from reality.
On the other hand, in this paper it is established the alternative, trying to find any method that brings up an acceptable solution to the so settled problem. So, due to the success obtained by applying Genetic Algorithm in the search of good solutions for optimization problems [GOLDBERG, 1989; DAVIS, 1991; LÓPEZ-GONZÁLEZ et al, 1995a , 1995b , 1995c , the POFUGENA model is developed using that technology and trying to help in the decision making of assets selection to be hold in a portfolio when the environment is uncertain and non-linear.
APPLICATION OF FUZZY GENETIC ALGORITHMS TO THE SELECTION OF FINANCIAL PORTFOLIOS

Genetic Algorithm as Method of Approaching Optima
The Genetic Algorithms constitute optimization tools based on natural selection and on the genetics mechanisms. In natural selection, the evolution processes happen when the following conditions are satisfied:
• An entity or individual is able to reproduce.
• There is a population of such entities or individuals able to reproduce.
• Some differences in the capacity to survive in the environment are associated to that diversity. Such diversity is shown in changes in the chromosomes of the individuals of a population, and transfers into the variation of the structure and behaviour of the individuals in their environment, which is reflected in the degree of survival, adaptation and in the level of reproduction. The individuals that adapt better to their environment are those who survive longer and reproduce more.
In a period of time and after many generations, the population gets more individuals, whose chromosomes define structures and behaviours adapted to their environment, surviving and reproducing in a higher level , so that in the course of time, the structure of individuals in the population changes due to the natural selection.
According to the explanations above and though there are many possible variations of Genetic Algorithms, their fundamental mechanisms are: to operate over a population of individuals, usually generated in a random way, and changing the individuals in every iteration, according to the following steps: a) Evaluation of the individuals of a population. b) Selection of a new set of individuals. c) Reproduction on the base of their relative adaptation or fitness. d) Re-combination to create a new population from the crossover and mutation operators. The set of individuals resulting of these operations conform the next population, iterating this process until the model cannot produce any fitness improved situation.
Generally, each individual is represented by a binary or decimal string of fixed length, chromosome, that codifies the values of the variables that take part in the problem, so that the representation of the data and the operations can be manipulated to generate new strings fitting better to the problem to solve.
Acting this way over a population of individuals, an essential component of every Genetic Algorithm is introduced, the Fitness Function, that constitutes the link between such Algorithm and the problem to solve. A Fitness Function takes a chromosome as input and returns a number that shows the appropriateness of the solution represented by the chromosome to the analyzed problem.
The Fitness Function plays the same role as the environment in the Natural Selection, due to the fact that the interaction of an individual with its environment gives a measure of its fitting and it determines that the best adapted individual has a higher probability to survive.
Right after the selection, a process of crossover is performed, trying to imitate the reproduction of individuals according to the laws of Nature, exchanging the genetic information of the parents (selected individuals), in order to obtain the chromosomes of the offspring, possibly producing better or more adapted individuals.
Besides the exchange of chromosomes, Nature often produce sporadic changes in the genetic information, denominated by biologist mutations. That is the reason why, in the execution of the Algorithm, this process is introduced and performs small random modifications in the chromosomes of the individuals resulting from the crossover.
When the above described operative is performed correctly within this evolutive process, an initial population will be improved by its successors and therefore, the best fitting individual of the last population can be a very appropriate solution for the problem.
On the other hand, in this paper, and considering the inaccuracy of the information used by Genetic Algorithms, we will use fuzzy numbers to represent that information and so, the different operators of the designed Algorithm have to be adapted to that point which involves a Fuzzy Genetic model [HERRERA, 1996] .
POFUGENA Model (Portfolio-Fuzzy-Genetic-Algorithm)
Problem data
Some data concerning the financial assets to select are necessary to establish the characteristics of the problem.
First, the number of financial assets in which the capital can be invested must be entered. The total capital to invest must be established as well. Afterwards, and according to the financial assets investment conditions, the minimum investment can be defined. This datum will fix the smallest investment level for each asset. All this information can be entered in the first screen of the software designed, as Figure  2 shows.
Figure 2
Data concerning the initial expenses are also necessary. Two kinds of expenses can be distinguished: those that are independent from the invested amount, the so called fixed expenses; and those that vary with such quantity, variable expenses. In our model the parameters concerning both types of expenses are entered in the second screen, as shown in Figure 3 .
Figure 3
On the other hand, the expected returns on investment of every financial asset are necessary to obtain an optimum portfolio through the Genetic Algorithm. POFUGENA model uses this data as TFNs. An example of it is shown in Figure 4 .
Figure 4
Finally, the data concerning how the assets relate to each other are entered in the software. First of all, we must take into account the deviation on the expected return of each asset when a portfolio contains any other related asset. Some fixed and variable expenses deviations can appear as well. The deviation of the expected return is established by changes on the four TFN values of each financial asset that involve both risk and profitability synergies. For example, if we invest in dollars and in a transportation enterprise we are reducing the risk shown by the first and last numbers of the fuzzy return. Obviously, the changes on the return of each asset must result in a TFN. In the model, the changes of fixed and variable expenses are established as crisp or certain numbers. A screen has been designed to enter all this data. An example of it is shown on Figure 5 .
Figure 5
Operative development
Once the data collection is completed, the features of the Algorithm to be used have to be established. This Algorithm differs from traditional ones, where the binary codification is commonly used, in the choice of a decimal representation of the chromosomes, for, according to the authors' opinion, such representation suits better to the intended solutions.
Thus, in the case of five assets to choose with five levels of investment a possible solution could be, for example:
This solution shows that the minimum investment is invested twice in the financial asset 2, while only once in the assets 4, 3, and 5.
Once the codification of solutions is decided, a series of them is generated through a randomized process.
Afterwards, the fitness of each solution to the problem is calculated. In order to do this, it is enough to know the net profitability of the assignation. This is obtained calculating the return of the capitals invest on each assets taking into account the variations produced by the inclusion of a related asset in this portfolio. This amount, less fixed and variable expenses of each asset represents the profitability of each solution in monetary units.
Once the utility of each solution is calculated, a hierarchy between all the generated solutions can be established. In order to make such hierarchy and since we are dealing with TFN always bigger than zero, the models uses as a measure of the solution fitness, the addition of the fuzzy distances (left and right) from each profitability to the origin, TFN (0, 0, 0, 0),.
Those solutions presenting a higher return in the best situation will have a bigger distance to the right, however, in those solutions with a higher risk, the left distance will be smaller. When adding both distances up, we get better solutions corresponding to greater added distances, which will favour higher possibilities to pass the selection procedure. Also, the model can use only one of the distances an so emulate one decision taker that have aversion or propension to risk.
The following step will be to choose through a Selection Ranking the most fitted individuals, who will become parents of the next generation, as Figure 6 shows.
Random numbers between 0 & 24
Figure 6
The figure shows to the left five string representing five portfolio' selection. In the following column, the fuzzy distance of the expected profitability of each portfolio has been calculated. After that, the accumulated distance is obtained adding the distance of the previous solutions to the distance of each one. Finally, the model generates random numbers between zero and the sum of all the distances and chooses the solution that has that number within the accumulated distance of the previous solution and its own accumulated distance. So, the solutions with bigger distances, better solutions, have a higher probability to be chosen.
For the parents crossover, and after several tests with different methods, the uniform crossover has been chosen. Its performance is described below. Once two parents have been selected, it is randomly fixed which one of them is going to determine each of the assignments of each offspring. At the end, we obtain two descendants whose assignments can be all the possible combinations of those of the parents. The reason to choose this crossover as the best, in authors' opinion, lies in the fact that the most profitable or fitted assets of each solution can appear in any positions. A graphic example of the Uniform Crossover is shown in Figure 7 .
Figure 7
Once the crossover has finished, the process goes ahead with the mutation. To perform it, the model chooses randomly a position of the string, and then changes the asset in that position for any other possible one.
This procedure allows the parents' strings to change a part of their structure in order to achieve any of their descendants improve its parents' returns. An example of this process is shown in Figure 8 .
Figure 8
Once the mutation is performed, the fitness, that is, the expected profitability of each population string, is calculated, so finishing an iteration. The whole process is repeated as many times as it is found advisable in order to get a solution that either is the optimum one or it is very close to it.
As a last feature of the Algorithm, we have decided to include the so called Elitism characteristic, which deals with keeping the best individual of each population throughout the following ones until the model gets a new one that improves its scoring in fitness to the problem. This elitism procedure prevents the lost of the best solutions of previous populations until they are not surpassed by any other one beating its fitness, as it is shown in Figure 9 .
Figure 9
In this paper, the application of the defended model allows a process of selection of a portfolio when the available financial assets are related, considering the variation of the returns, fixed and variable expenses that such relations may produce.
As a summary, Figure 10 shows all the steps of the above explained process. Within the sample program, there is a screen where the parameters of the Genetic Algorithm (crossover probability, mutation probability, number of generations and number of individuals) are entered, and where the model is able to put into operation.
A double parameter of mutation probability, initial and final, has been added. The initial one determines the mutation of the early generations. This mutation probability will change towards the final one to be used within the latest generations. The model also includes an input box with the selection speed of the solution that establishes the exponent of the fuzzy distance of the profitability of each solutions. The screen designed to contain all the mentioned data is shown in Figure  11 .
Figure 11
Finally, in the POFUGENA model, a graph has been included displaying the evolution shown by the fuzzy distance of the best individuals of each population. An example of such graph is provided in Figure 12 . 01) The solution obtained using the POFUGENA model was to invest 900,000 monetary units in the financial asset C and 100.000 monetary units in the financial asset F. The profitability of this solution will be (48,000; 65,000; 74,000; 83,000) .
The values entered for the parameters of the Algorithm are: · Crossover profitability: 80% · Initial mutation profitability: 1% · Final mutation profitability: 3% · Number of generations: 100 · Number of individuals in each generation: 50 · Selection speed: 2 · Optimization criteria: expected profitability We also observed that after fifty generations the best member was always the same. This is only a simple problem but obviously real problems are more complex. The model can also analyse that problems and obtain good solutions.
CONCLUSIONS AND FUTURE DEVELOPMENTS
The solutions obtained with this Fuzzy Genetic Model of portfolio selection are more correct, in our opinion, because it tries to considerate the reality of the financial market without transforming it or reducing its high complexity.
The fuzzy treatment of the information allows the representation of the expected profitability of the assets including the risk that their selection bears as well as the higher yield that can be obtained within the best situation.
Also, the use of a Fuzzy Genetic Algorithm allows us to include the relations between the assets and the resulting modifications that such relations originate in profitabilities and expenses and, therefore, complete and extend the field of application of the portfolio selection to the everyday reality of the problem introducing a useful tool for cash management.
